We study quotients nH n of the n-fold product of the upper half-plane H by irreducible and torsion-free lattices < PSL 2 .R/ n with the same Betti numbers as the n-fold product .P 1 / n of projective lines. Such varieties are called fake products of projective lines or fake .P 1 / n . These are higher-dimensional analogs of fake quadrics. In this paper we show that the number of fake .P 1 / n is finite (independently of n), we give examples of fake .P 1 / 4 and show that for n > 4 there are no fake .P 1 / n of the form nH n with contained in the norm-one group of a maximal order of a quaternion algebra over a real number field.
Introduction
After their classification of fake projective planes (see Prasad and Yeung [15; 17] ) and the study of arithmetic fake projective spaces and fake Grassmannians (see [16] ), in their paper [18] , G Prasad and S-K Yeung introduced the general notion of a fake compact hermitian symmetric space and studied these spaces in detail. Let X D G=K be a hermitian symmetric space of noncompact type and y X the compact dual of X . Then, by definition, a quotient X D nX of X by a cocompact and torsion-free discrete subgroup is a fake compact hermitian symmetric space or fake y X if X has the same Betti numbers as y X ; such a fake y X is called irreducible, resp. arithmetic, if is irreducible, resp. arithmetic. One of the main results in Prasad and Yeung [18] is that there are no compact irreducible arithmetic fake hermitian symmetric spaces of type other than A n with n Ä 4. Here, the type of X refers to the type of the irreducible factors X i of the universal covering X D X 1 X s of X according to Cartan's classification of irreducible hermitian symmetric spaces of noncompact type. Two-dimensional fake A 2 are exactly the fake projective planes, which are completely classified. In Prasad and Yeung [16] we find examples of fourdimensional fake A 2 , that is, fake products of projective planes P 2 P 2 . Note that the case of fake A 1 is not covered in [18] . By definition, a compact fake A 1 of dimension n (called n-dimensional fake product of projective lines in sequel) is a compact quotient nH n of the product of n copies of the complex upper half-plane H by a cocompact torsion-free lattice PSL 2 .R/ n with the same Betti numbers as the product P 1 P 1 of n copies of the complex projective line P 1 D P 1 .C/. The notion of an n-dimensional compact fake A 1 is meaningful only for n 2 and in this case an irreducible fake A 1 is automatically arithmetic. Two-dimensional fake A 1 are also known as fake quadrics; see Hirzebruch [10, page 779f] . There are many known irreducible as well as nonirreducible fake quadrics (see for instance Shavel [19] or the author [8] for the irreducible case and Bauer, Catanese and Grunewald [1] for the nonirreducible case). It is known that no fake products of projective lines of odd dimension are possible. In this note we study the existence questions of irreducible compact fake products of projective lines:
Theorem A (See Theorem 3.2) There exists a constant c > 0 such that for any integer n > c there exists no irreducible fake .P 1 / n . The number of fake .P 1 / n is finite.
Moreover we discuss the existence of irreducible fake products of projective lines with the fundamental group contained in the norm-one group of a maximal order and show:
Theorem B (See Lemma 3.4 and Theorems 3.5, 4.5, 4.2 and 4.4) There exist two nonisomorphic 4-dimensional irreducible fake products of projective lines of the form nH 4 , where is the norm-one group of a maximal order in totally indefinite quaternion algebras over the maximal totally real subfields of cyclotomic fields Q. 20 / and Q. 24 / of 20 th and 24 th roots of unity. Moreover, fake products of projective lines whose fundamental group is contained in a norm-one group of a maximal order exist only in dimension 2 and 4. In dimension 4, the examples above are the only such examples up to isomorphism.
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Irreducible quotients of the polydisc
Let H denote the complex upper half-plane and H n D H H the product of n copies of H. Since H is biholomorphically equivalent to the unit disc D C , we will use the short term polydisc to name H n . The group GL Varieties of general type with the same Betti numbers as C .H n r / for some 0 < r < n. For n 2, irreducible lattices can be constructed arithmetically in the following way.
Let k be a totally real number field of degree m D OEk W Q and let A be a quaternion algebra over k . Choosing an ordering v 1;1 ; : : : ; v 1;m of the infinite places of k , assume that A is unramified at first n Ä m places v 1;1 ; : : : ; v 1;n and ramified at the remaining infinite places v 1;nC1 ; : : : ; v 1;m . Additionally assume that A ramifies at the finite places p 1 ; : : : ; p r of k . Let d A D Q r iD1 p i denote the reduced discriminant of A. Then m n C r Á 0 mod 2 and, under this condition, A is uniquely determined by the choice of n unramified infinite places and the reduced discriminant d A up to isomorphism. We will write A D A.kI m; n; d A / D A.kI m; n; p 1 ; : : : ; p r / to denote the isomorphism class of such A. If O A is an order in A then, under the embeddings A ,! A˝k k v 1;i Š M 2 .R/ for i D 1; : : : ; n, the group O C D fx 2 O j Nrd.x/ is totally positive unit in kg becomes a subgroup of GL C 2 .R/ n , where Nrd denotes the reduced norm. The group Let be an irreducible lattice in Aut C .H n / commensurable with C O , where O is a maximal order in the quaternion algebra A D A.kI m; n; d A /. As a corollary to Godement's compactness criterion we have that is a cocompact lattice in Aut C .H n / if and only if A is a division algebra, or equivalently if and only if is not commensurable with a Hilbert modular group. Let X D nH n be the orbit space under the action of on H n . Then X is a compact locally symmetric space. If is torsion free, X is an n-dimensional complex manifold and even more, in this case X is a smooth projective variety whose canonical line bundle is ample. In particular, for torsion-free and cocompact lattices , X is a variety of general type. By Hirzebruch's proportionality theorem, numerical invariants of X are closely related to the numerical invariants of the compact dual .P 1 / n of H n (see Hirzebruch [9] ). In fact, only the knowledge of the Euler number e.X / determines the complete Hodge diamond of X (see Matsushima and Shimura [12] Lemma 2.1 (Vignéras [22] ) Let k be a totally real number field of degree m D OEk W Q and let A D A.kI m; n; d A / be a quaternion algebra over k . Fix a maximal order O A and let PGL C 2 .R/ n be a subgroup commensurable with
where
O denotes the generalized index between and 1 O , k . / is the Dedekind zeta function and where for an integral prime ideal p in k , N p D jO k =pj is the norm of p.
Fake products of projective lines whose universal covering is the polydisc
Let be a torsion-free cocompact irreducible lattice in Aut C .H n /. As mentioned above, the quotient X D nH n is an n-dimensional smooth projective variety of general type whose Betti numbers are closely related to the Betti numbers of .P 1 / n . Definition 2.2 We say that a compact quotient X of the n-dimensional polydisc H n is a compact fake product of projective lines (or simply fake .P 1 / n ) if is a cocompact and torsion-free lattice in Aut C .H n / and X D nH n has the same Betti numbers as .P 1 / n . We say that X is irreducible if is an irreducible lattice in Aut C .H n /.
Remark 2.3 (1) As already mentioned in the introduction, many examples of irreducible and nonirreducible fake P 1 P 1 (fake quadrics) are known. The nonirreducible fake quadrics are examples of so-called Beauville surfaces. In higher dimensions, excluding the "trivial" cases of products of fake quadrics, no examples of fake .P 1 / n seem to be known. It is an open question to construct such higher-dimensional fake .P 1 / n which are not products of fake .P 1 / n in lower dimension. In this paper we will concentrate on irreducible fake .P 1 / n . But other "nontrivial" constructions are to be analyzed. In particular, this includes the construction of higher-dimensional varieties isogenous to a product of curves (see Catanese [6] ) with given Betti numbers which are not products of Beauville surfaces.
(2) More generally, we could skip the condition on the universal covering, and define a fake .P 1 / n as a variety of general type with the same Betti numbers as . 
If n D dim X is odd, X cannot be a fake product of projective lines. For n even, X is a fake product of projective lines if and only if the arithmetic genus .X / equals 1.
Since only b n .X / may be different from b n ..P 1 / n /, we can characterize fake products of projective lines also by the value of the Euler number e.X /.
Corollary 2.5 For even n, a quotient X is a fake .P 1 / n if and only if e.X / D e..
3 Finiteness results on irreducible fake .P
In this section we will prove the finiteness result which states that the dimension of a fake .P 1 / n is bounded by an absolute constant from above and that in each dimension there are only finitely many fake .P 1 / n . Moreover we will prove the nonexistence of irreducible fake .P 1 / n X whose fundamental group is contained in a norm-one group 1 O of maximal order of a quaternion algebra over a real number field in all dimensions n > 4. In fact, we will list all the isomorphism classes of quaternion algebras which contain a torsion-free group Ä 1 O such that X is a 4-dimensional fake product of projective lines.
Recall that the fundamental group of an irreducible n-dimensional fake product of projective lines is an arithmetic lattice commensurable with 1 O , where O is a maximal order in a quaternion algebra A D A.kI m; n; d A / over a totally real number field k of degree m with prescribed ramification at infinite places. If is contained in a lattice we have vol.X / Ä vol.X / D e.X / D 2 n . Every is contained in a maximal lattice with finite index, and in the first step we will show that for n > c (where c is a constant) every maximal irreducible lattice < PSL 2 .R/ n satisfies vol./ > 2 n .
In the second step we shall show that in a fixed dimension n there exist only finitely many conjugacy classes of maximal (irreducible) lattices in PSL 2 .R/ n such that vol./ Ä 2 n . For this purpose we will intensively make use of results in Borel [4] and Chinburg and Friedman [7] where volumes and commensurabilities between arithmetic lattices of PGL 2 .R/ a PGL 2 .C/ b are studied in great detail. The most relevant results for our purposes are summarized in the following.
Lemma 3.1 Let k be totally real number field of degree m and let A D A.kI m; n; p 1 ; : : : ; p r / be a quaternion algebra over k with m n 1 (that is, A satisfies the Eichler condition).
.1/ The maximal arithmetic subgroup of
where k A is the maximal abelian extension of k which is unramified at all finite places of k and such that its Galois group Gal.k A =k/ is elementary 2-abelian and in which all the prime ideals p 1 ; : : : ; p r are totally split. The finiteness of the set of irreducible fake .P 1 / n follows immediately from the following theorem. 
Let k 0 A be the abelian extension of k with the same properties as k A but which is additionally unramified also at all infinite places of k . Then (see [ 
The advantage of considering k 0 A instead of k A is the fact that OEk 0 A W k divides the class number of k . Now recall the functional equation of the Dedekind zeta function, by which for a totally real number field k of degree m we have
where d k is the discriminant of k . Keeping in mind that n-dimensional fake products of projective lines exist only for even n we obtain
where t 0 is the number of those primes p i which are ramified in A and such that N p i D 2. Let t be the number of primes of k which divide 2. Then t 0 Ä t . Define
Assume now that 2 n vol.X N 
The right-hand side of (5) tends to infinity for m ! 1. Thus the condition (4) implies that m is bounded from above and since the dimension, or equivalently the number of unramified infinite places n in A, satisfies n Ä m, then n is also bounded. Now let m be fixed. We want to show that in this case the discriminant of k and reduced discriminant of A are bounded. In order to do so, we first replace OEk
Using a lower bound for the regulator of the form R k c 1 exp.c 2 m/ (see for instance Zimmert [27, page 375] for an explicit choice of the constants c 1 and c 2 ) and choosing s D 2 in (6) we obtain an upper bound
Plugging this into (4) we obtain
As OEo k W o k;C 2 and t Ä m the above inequalities give
For fixed m, the right-hand side of the last inequality is constant and it follows that the discriminant d k is bounded. It follows that there are only finitely many possible totally real fields which may serve as fields defining the commensurability class C.k; A/ of N C O . If k is fixed, from (3) it easily follows that if vol.N C O / is bounded, the reduced discriminant d A is also bounded. As the reduced discriminant determines the isomorphism class of A (notice that the ramification behavior at infinite places is fixed), there are only finitely many isomorphism classes of quaternion algebras which define lattices of fake .P 1 / n . Finally, there are only finitely many nonconjugate maximal orders inside a given quaternion algebra A, hence only finitely many nonconjugate maximal lattices of type N C O inside the commensurability class C.k; A/. It follows from Lemma 3.1(2) there are only finitely many maximal lattices
A natural question which arises from Theorem 3.2 is that on effectivity: is it possible to list all fake .P 1 / n ? Less ambitious we could ask to what extent one can make precise the bounds on invariants n; m; d k ; d A which belong to fake .P 1 / n ? Certainly, a careful analysis of the proof of Theorem 3.2 will provide bounds on the above invariants. For instance, (5) implies that the dimension n of a fake .P 1 / n is less than or equal to 412. In fact the bounds which we get are not expected to be very precise. The main hurdle is the invariant OEk A W k or rather OEk 0 A W k associated with A, for which we apparently miss good bounds and which we are forced to estimate by the class number. Some observations on this invariant have been also made by Belolipetsky and Linowitz [3] in connection with the enumeration of fields of definition of arithmetic Kleinian reflection groups.
In order to get a first impression on how big the number of fake .P 1 / n can be, we will now concentrate our attention to fake .P 1 / n whose fundamental group is contained in the norm-one group of a maximal order. This is a class of arithmetic groups which is much more accessible than the general ones, since the critical invariant OEk 0 A W k does not appear in the volume formula of such lattices. We will see soon that fake .P 1 / n with such a fundamental group are very rare. So, from now on let us assume that (7) the lattice is contained in the norm-one group Under the assumption (7) the inequality 2 n D e.X / e.X The functional equation (1) for the Dedekind zeta function and Lemma 2.1 imply directly the equality
Next we observe that Q pjd A
.N p 1/ 1 as well as k .2/ > Q .2m/ > 1. The last inequality k .2/ > Q .2m/ (or more generally k .s/ > Q .ms/ for any s > 1) follows easily from the Euler product representation. Namely,
where p runs through the set of nonzero prime ideals in O k and p through all rational primes. Suppose that p 1 ; : : : ; p t are the prime divisors of pO k and
We have an obvious inequality
Finally, the fundamental identity for prime ideals (see Neukirch [13 
Using the above inequalities, (8) implies the relation
For any totally real field K of degree m and discriminant
be its so-called root discriminant and let ı r min .m/ D minfı K j K is totally real of degree mg: The equation (9) implies that for our purposes relevant fields k must satisfy ı k < f .m/ D .2 / 4=3 =2 2=3m . The function f is increasing in m but f .m/ < .2 / 4=3 < 11:6 for all m. A Odlyzko proved lower bounds for ı r min .m/ and from his work we know that for any m 9 the inequality ı r min .m/ > 11:823 holds (see Odlyzko [14] ). We conclude that m Ä 8. But we can improve this knowing the exact value of the minimal root discriminant of a totally real field of degree less than or equal to 8 which has been determined by J Voight in [24, Table 3 Varieties of general type with the same Betti numbers as P 
Since the dimension n of an arithmetic fake product is always less than or equal to the degree m of the center field k of the defining quaternion algebra, any irreducible fake .P 1 / n whose fundamental group satisfies condition (7) is either 2-, 4-or 6-dimensional. As already remarked, the 2-dimensional examples are discussed in [8] (see also references therein) in greater generality. Moreover we can prove: Theorem 3.5 There are no irreducible fake .P 1 / 6 X such that satisfies (7).
Proof Assume that X is an irreducible fake .P 1 / 6 such that < 
As is cocompact, A is a division algebra and therefore there must be at least one finite place of k ramified in A (by assumption, A is unramified at all infinite places of k ). Since the number of ramified places is even (by the reciprocity law for Hilbert-symbols (see Vignéras [23, Corollaire 3.3, page 76])) there must be at least two such finite places. In Table 5 (see Section 5), we collected the needed invariants of all totally real sextic fields with discriminant less than 1529570:6 which were computed with PARI. The list of these fields has been produced by J Voight (see [25] ). With the knowledge of all these values, case by case analysis shows that there is no totally indefinite division quaternion algebra A over a sextic real field satisfying 2 k . 1/ Q pjd A
.N p 1/ Ä 2 6 . We note that the last condition bounds the value of Q
.p f .p=p/ 1/, with f .p=p/ the inertia degree of p, and thus restricts the set of possible prime ideals p at which A ramifies.
We will now focus on 4-dimensional fake products. Table 2 .
There, the reduced discriminant d A D Q p p is a (possibly empty) formal product of suitably chosen prime ideals p p lying over a rational prime p .
Remark 3.7
To specify what "suitably chosen" in the above Theorem 3.6 means, let us consider an example. Let k be the totally real field of degree 4 and discriminant Table 2 d k D 38569. Then there are two prime ideals of k lying over 7, but one with inertia degree 1 and the other with inertia degree 4 (see Table 4 , Section 5). Only the first prime ideal can be taken as the prime where A, the quaternion algebra defining a fake .P 1 / 4 , ramifies, but not the latter.
Proof of Theorem 3.6 Let A and <
1
O as above be given. Then by Lemma 3.4, m D OEk W Q Ä 6 and the root discriminant ı k satisfies ı k Ä f .m/ with the value f .m/ from Table 1 . We know that e.
In the already mentioned Table 5 from Section 5, we find all the sextic fields k satisfying ı k Ä f .6/. Additionally, Tables 4 and 3 (see Section 5 ) contain all the totally real quintic and quartic fields with ı k Ä f .m/ and satisfying the condition (10). Next, note that for each finite place p of k which divides the reduced discriminant d A , the value
The relevant values for f .p=p/ are given in Tables 5, 4 and 3 . Finally, for m D 4; 5, the quaternion algebra (which is assumed to be a skew field) has to be ramified at least at one finite place of k and if m D 4, A ramifies at least at two finite places.
Examples
Let D 20 be a primitive 20 th root of unity, K D Q. / the corresponding cyclotomic field and k D Q. C 1 / D Q.cos. =10// the maximal totally real subfield of K . The field k is defined by the polynomial P .x/ D x 4 5x 2 C 5. We summarize some relevant facts about k . 
Proof Either one consults the Table 3 in Section 5 or one applies directly some of the well-known facts about cyclotomic fields. Let us briefly explain the second approach: Let n be a primitive n th root of unity. Then, the extension Q. n /=Q. n C 1 n / is unramified at all the finite places of k for n not a prime power (see Washington [26, Proposition 2.15]). Also, a rational prime p factorizes in Q. n / as
where all Q i are of residual degree 20 /, and we can use same kind of arguments: namely, we know that K=k is unramified at all the finite places and 5O K D P 4 P 04 with two prime ideals P, P 0 in K with f .P=5/ D f .P 0 =5/ D After giving the examples, let us show that all the other virtual candidates from Theorem 3.6 do not give rise to a lattice of a fake product.
Theorem 4.5 Besides the two examples above, no other quaternion algebra A contains a lattice of a fake .P 1 / n which is a finite-index subgroup of the norm-one group of a maximal order in A.
Proof We will exclude the only possible quaternion algebras from Theorem 3.6 by showing the corresponding lattices are never torsion free (if they exist). Consider for instance A.k 1957 ; 4; 4; p 3 p 7 / with k 1957 , the totally real quartic field with discriminant 1957, which has the smallest discriminant among the possible fields. From Table 3 , vol. The invariants are obtained as follows. First we collect all defining polynomials of number fields of degree m Ä 6 with root discriminant less than f .m/ which can be found in Cohen [2] and Voight [25] . The PARI procedure nfinit->idealprimedec gives the decomposition of small rational primes in k . We use the PARI procedure zetakinit->zetak to compute the values k . 1/. More precisely, PARI a priori computes an approximation of the true value of k .2/ by computing the truncated Euler product
The accuracy depends on the choice of x but the precision of 5-10 decimal digits is certain and this turns out to be enough in given cases. We can namely control the result knowing some properties of the zeta values k . 1/. Recall that by the theorem of Klingen and Siegel [21] , k . 1/ is a rational number and moreover we have information on primes dividing the denominator of k . 1/ and its size. By [21, page 89] we know that the denominator of 2 m k . 1/ divides a certain integer c 2m which in given cases is product of small primes (if m D 4 then p D 2; 3; 5). Table 4 : Totally real quintic fields with root discriminant less than or equal to 10:570 and with the property that 16= k . 1/ is an integer: each entry in the column f .p=p/ is the inertia degree of a prime ideal p dividing pO k ; the number of entries is the number of prime ideals dividing pO k .
